Introduction
Throughout this paper all rings have identity and all modules are unital right modules. Let R be a ring and M an R -module. A submodule L of M is called a small submodule (notation L ≪ M ) if M ̸ = L + N for any proper submodule N of M . The module M is said to be small if it is a small submodule of some R -module; equivalently, M is small in its injective hull. In [13] , Talebi If for every R -module M , Z(M ) is a direct summand of M , we will say that R has property (P ). The aim of this paper is to shed some light on the structure of rings having (P ). Note that the rings satisfying the dual of our condition (P ), namely those whose singular submodules Z(M ) are direct summands, have been studied in [2] and [3] extensively.
In Section 2 we present some properties of rings having (P ). It is shown that the class of rings having (P ) is closed under finite products. We also prove that if R is a commutative ring such that the class of cosingular modules is closed under factor modules, then R has ( P ) if and only if the ring R is von Neumann regular. Section 3 deals with the structure of perfect rings having (P ). We show that a commutative perfect ring R has ( P ) if and only if R is semisimple. An example is given to show that this characterization is not true for noncommutative rings.
Some properties of rings having ( P ) Proposition 2.1 The following are equivalent for a module M : (i) Z(M ) is a direct summand of M ;
(ii) M is a direct sum of a cosingular summodule and a noncosingular submodule.
In this case Z(M ) is the largest noncosingular submodule of M .
is noncosingular. This proves the result.
(ii) ⇒ (i) Let N be a cosingular submodule of M and let K be a noncosingular submodule of M such
Example 2.2 By applying the last result and some results of [13] , we can get some examples of rings having property (P ).
(1) By [13, Proposition 2.5], if R is a cosemisimple ring, then every R -module is noncosingular. Therefore, R has property (P ).
(2) If R is a ring such that every cosingular R -module is projective, then R has property ( P ) by [13, Theorem 3.8(4)].
Proposition 2.3 For any ring R the following conditions are equivalent:
(1) R has ( P );
(2) Every R -module is a direct sum of a noncosingular module and a cosingular module; 
Then (i) ⇒ (ii) and if R has ( P ), then (ii) ⇒ (i).
Proof 
(ii) Ext(S, M ) = 0 for every cosingular module S and noncosingular module M .
Then (i) implies (ii). If the preradical Z is idempotent, then (ii) implies (i).
Note that (ii) does not imply (i) in the above corollary. 
(ii) R is a field. 
M is also injective. It follows that R is semisimple. Thus, R is a field.
can be regarded as an R i -module such that the submodules of M R i are the same whether it is regarded as an R i -module or as an R -module.
then E i is an injective R -module for the following multiplication:
Proof (1) This is obvious.
(2) (a) Let X i be an R i -module with ER i ⊆ X i . Clearly X i is an R -module and ER i is an injective R -module. Thus, ER i is a direct summand of X i , and so ER i is an injective R i -module. 
R 2 both have property (P ).
Proof Let M be an R -module. By assumption, we have
Hence, R has property (P ). Conversely, consider an R i -module M i . Then M i can be regarded as an R -module for the following multiplication:
) and x i ∈ M i and the submodules of M i are the same over R and over R i (i = 1, 2) . Hence, In the sequel, let (1) R has ( P ); 
When perfect rings have property ( P ) Lemma 3.1 Let R be a right perfect ring with (P ). Then the class C R is closed under homomorphic images.
Proof Since R is right perfect, every R -module is amply supplemented. Let M be a cosingular module and let
Note that r(J) and l(J) will denote the right and left annihilator of the Jacobson radical J of a ring R , respectively. 
Proposition 3.2 Let R be a right perfect ring with Jacobson radical J . Then for any R -module M , we have

Z(M ) = M r(J).
Proof
Theorem 3.3 Let R be a right perfect ring such that r(J) = l(J). The following are equivalent:
(1) R has ( P ); 
Proof Note that since r(J) = l(J) , we have r(J)
= Soc(R R ) = Soc( R R) by [1, Proposition 15.17]. (1) ⇒ (2) By Proposition 3.2, Z(R R ) = Soc(R R ). Since R has ( P ), Soc(R R ) is a noncosingular direct summand of R R . Thus, Soc(R R ) = ⊕ n i=1 S i for some simple right ideals S i ( 1 ≤ i ≤ n ) of R . By [13, Proposition 2.1(4)], every S i (1 ≤ i ≤ n) is noncosingular. So every S i ( 1 ≤ i ≤ n ) is injective. Hence, r(J) = Soc(R R ) is injective.
has ( P ) if and only if R is a division ring.
Proof (⇒ ) The module R/m is injective. Thus, every simple R -module is injective. Therefore, R is cosemisimple, so J = m = 0. Hence, R is a division ring.
(⇐ ) Clear. 2
Corollary 3.7 Let R be a right perfect local ring with maximal right ideal m . Then R has (P ) if and only if R is a division ring.
Proof By Proposition 3.5, the module R/m is not small. Then the rest is clear by Lemma 3.6. 2
Proposition 3.8 Let R be a right perfect ring. If R has (P ), then R
Proof By [14, 42.6] 
Proposition 3.9 Let R be a right perfect ring such that
Proof Let M be any R -module. It is well known that M is a homomorphic image of a free R -module. So 
The following example gives a ring satisfying the conditions of Proposition 3.9 and shows that a right perfect ring having (P ) need not be semisimple. 
is a direct sum of local submodules such that L i are injective and K i are simple. Without loss of generality we can assume that all K i (1 ≤ i ≤ m) are small. Since R is hereditary, every injective module is noncosingular.
By Proposition 3.9, the ring R has ( P ). Recall that a ring R is called a right H-ring if every injective right R -module is lifting.
Theorem 3.12 Let R be a right H -ring. Consider the following conditions:
(1) R is semisimple; 
Then (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (5) ⇒ (6) ⇒ (3) and if R is a QF -ring, then (6) ⇒ (1).
Proof ( 
(6) ⇒ (1) Assume that R is a QF -ring. Since (6) implies (3), R has ( P ). The result follows by Theorem 3.3 and [7, Corollary 15.7] .
2
Note that the QF condition in implication (6) ⇒ (1) of Theorem 3.12 is not superfluous. As an example we can take the ring of all upper triangular 2 × 2 matrices with entries in a field K . This ring is not QF since r(J) ̸ = l(J), where J is the Jacobson radical. On the other hand, by Example 3.10, the ring has (P ) but is not semisimple. This ring is also an H -ring by [ Proof Let M = xR and E = E(M ) , the injective hull of M . We want to show that M ≪ E . Let E = M +T with T ≤ E . Assume x ∈ M \T . Then E/T is nonzero and cyclic. Hence, there exists a maximal submodule K/T of E/T . Now K is a maximal submodule of E and the module U = E/K is simple. By hypothesis, I = ann R (U ) ̸ = 0. Since R is prime, I R is essential in R R . By [6, Proposition 5.9] , I contains a regular element, namely a nonzero divisor c . Now E = Ec ⊆ EI ⊆ E implies that EI = E . Thus E = K , a contradiction. Hence, x ∈ T and so E = T .
